A NOTE ON ZEROS OF L-SERIES OF ELLIPTIC CURVES 
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Abstract. In this note we study an analogy between a positive definite quadratic 
form for elliptic curves over finite fields and a positive definite quadratic form for 
elliptic curves over the rational number field. A question is posed of which an af- 
firmative answer would imply the analogue of the Riemann hypothesis for elliptic 
curves over the rational number field. 



1. Introduction. In the last entry of his diary, Gauss had noted the number N 
of integer solutions of the congruence 

x 2 y 2 + x 2 + y = 1 mod p 

for a prime number p = 1 ( mod 4) is given by the formula 

N = p+1- (tt + tt), 

where tt is defined by the decomposition p = tttt in the ring Z[i]. It follows that 

\p+l-N\< 

Gauss did not give a proof for his statement. In 1921 [7], G. Herglotz presented a 
proof of Gauss' statement using complex multiplication. 

In 1933 H. Hasse [5] [6] used complex multiplication, which is in essence the same 
method that G. Herglotz used, to prove the analogue of the Riemann hypothesis 
for all elliptic function fields. Let ¥ q be a finite field with q elements, and let E be 
an elliptic curve over ¥ q . H. Hasse proved the inequality 

(1-1) \q+l-#E(¥ g )\ <2V9, 

where #-E(F g ) is the number of F 9 -rational points of the elliptic curve. 

In his book [4], H. Hasse said: "The analogous procedure for the ordinary RH 
in algebraic number fields would be to get a best possible estimate of the prime 
number function Tl(x) or rather its analogue for prime divisors in algebraic number 
fields. From Ricmann's exact formula one can deduce that an estimate with error 
term 0(^/x) or only 0(^/xlogx) would establish RH. Nobody however has been 
trying this most natural approach to the ordinary RH up to now!" 
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Although the author does not understand the statement above, he feels that 
it may indicate a method to attack the analogue of the Riemann hypothesis for 
elliptic curves over the rational number field, which is the content of this note. 

We briefly review a proof of Hasse's inequality (1.1) in section 2. In section 3, an 
analogous procedure is presented for elliptic curves over the rational number field. 
A question is posed of which an affirmative answer would imply the analogue of the 
Riemann hypothesis for elliptic curves over the rational number field. 

This note was initiated at the Workshop on Zeta-Functions and Associated Rie- 
mann Hypotheses, New York University, Manhattan, May 29 - June 1, 2002. He 
wants to thank the American Institute of Mathematics, Brian Conrey, and Peter 
Sarnak for the financial support for him to attend the workshop. 

2. L-series of elliptic curves over finite fields. Let A be an abelian group. A 
function d : A — > K is called a positive definite quadratic form if d(a) = d(—a) > 
for all a e A with equality if and only if a = 0, and if the pairing 

(a, P) = d(a + /3)- d{a) - d{(3) 

is bilinear on A. The degree map deg : Hom(i?, E) — > Z is a positive definite 
quadratic form; see [10]. Denote 

(-0, 4>) = deg(-0 + 4>) - deg(V>) - deg(^). 

Since (mip+rufi, mip+n<j>) > for all integers m and n, we have the Cauchy-Schwartz 
inequality 

(2.1) | deg(V> — 4>) — degip — deg0| < 2y / deg?/'deg<^ 

for all morphisms ip,<p € Hom(E, E). Let 

y 2 + aixy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 
be a Wcicrstrass equation for E with coefficients in W q . If 

<f>:E^E, ( X ,y)^( X 1,y1) 

denotes the g th -power Frobenius morphism of E, then deg <fi = q and 

deg(l - <£) = #E(F q ). 

Thus, Hasse's inequality (1.1) follows from (2.1); see [10]. 

Let a = q + 1 — #E(W q ). The L-series of the elliptic curve E over ¥ q is given by 

L E (s) = l-aq- s + q 1 - 2s . 

By Hasse's inequality we have 

L E { S ) = (l-aq- s ){l-pq- s ) 

with a = (3 and |a| = |/3| = ■ s fq. Hence, the analogue of the Riemann hypothesis 
for L-serics of elliptic curves over finite fields follows from the Cauchy-Schwartz 
inequality (2.1). 



A NOTE ON ZEROS OF L-SERIES OF ELLIPTIC CURVES 



3 



3. L-series of elliptic curves over Q. Let E be an elliptic curve over the rational 
number field Q, and let h the canonical height on E. By Artin's product formula, 
we have 

h{P) > 

for all points P e E(Q), where Q is the algebraic closure of Q in the complex 
numbers. The Neron-Tate pairing on E is the bilinear form 

(P,Q) = h(P + Q) - h(P) - h(Q) 

for all points P,Q € E(Q); see [10]. Since (mP + nQ , mP + nQ) > for all integers 
m and n, we have the Cauchy-Schwartz inequality 

(3.1) \h(P - Q) - h(P) - h(Q)\ < 2y/ h(P)h(Q) 

for all points P,Q e E(Q). Note that the fundamental theorem of arithmetic is 
implicitly used in (3.1) because of Artin's product formula. 

Let N be the conductor of E. For each prime p, we denote the reduction of E 
at p by E p . Let 

p + 1 — #Ep(F p ), if E has good reduction at p 
1, if E has split multiplicative reduction at p 

— 1, if E has non-split multiplicative reduction at p 

0, if E has additive reduction at p. 

The L-series associated to the elliptic curve E is defined by the Euler product: 

Le(s) = U(l - a p p- s + p 1 - 2 *)- 1 - <hP~')~ X 

p\N p\N 

for > 3/2. 

By results in [3] [9] and the Shimura-Taniyama conjecture that is a theorem 
proved in [2] [11], there is a normalized Hecke eigenform / of weight 2 and level 
TV and of rational Fourier coefficients such that Lf = Le- Hence Le(s) has an 
analytic continuation to the complex plane and satisfies the functional equation 

T(s)L E (s) = wN 1 - s (2n) 2s - 2 T(2 - s)L E (2 - s), 

where w = (— l) r with r being the vanishing order of £/(s) at s = 1/2; sec [1]. 
Let 

Us) = iV s/2 (27r)^r(i + 3 )L E { 1 - + s). 

Then £e(s) is an entire function and satisfies the functional identity 

£e(s) = w£ E (l - s). 
Let ip(z) = - z)), and let 

(3-2) ^.g M „ +1) ^ 

Similarly as in [8], we can show that all zeros of £e(s) lie on the line Sis = 1/2 if 
and only if X E (n) > for n = 1, 2, • • • . 

On the other hand, to show that all zeros of £e(s) lie on the line 3ts = 1/2 it 
suffices to obtain upper bounds for the A^(n)'s that would give the convergence of 
the series (3.2) for \z\ < 1. Studying H. Hasse's proof of the Riemann hypothesis 
for elliptic curves over finite fields leads the author to believe that the following 
question should have an affirmative answer. 
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Question. Is it possible that there exist points P,Q € E such that certain upper 
bounds for the Ae(ti) 's, which would give the convergence of the series (3.2) in the 
unit disk \z\ < 1, can be obtained by using the Cauchy-Schwartz inequality (3.1)? 
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